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Relation of Equilibrium Phase-Transition Pressure to Ionic Radii* 
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The Pe1l1Ls),/vania State University , University Park, Pell1Lsylvania 

(Received 25 October 1962) 

Pressure- temperature equilibria curves for a series of some 20 rare-earth arsenates and rare-earth valla
dates which undergo the reconstructive transition zircon (Zr SiO.) !::; scheelite (Ca WO.) type structure 
in the region 10000-60000 atm were obtained. From these curves, a set of data were extracted representing 
(with a fair approximation to corresponding states) the change of equilibrium pressure for a transition 
as a function of the radius of the rare-earth ion. The result is a V-shaped curve for both vanadates and 
arsenates showing a minimum transformation pressure near Dy3+ or Ho3+. An interesting even-odd effect 

is noted. 

1. INTRODUCTION 

T HE only means available at present to predict if a 
phase change may be expected under high pres

sure are purely empirical. Prediction relies essentially 
on a correlation of the large number of isoformular 
phases (e.g., ABX 3, ABX4, A2BX4 families) with the 
properties of the ions, chiefly their radii. It is not diffi
cult, where such data are available, to indicate in what 
direction (i.e., t.o what structure) pressure or tempera
ture cause a change of phase. Such prediction is some
times unreliable because unexpected new phases appear. 1 

Even if it is reliable, however, there is no indication of 
the magnitude of the pressure (or temperature) which 
could reasonably be expected to effect the transforma
tion. Thus BP04 of cristobalite structure exists at 
atmospheric pressure and was found to undergo a 
transition to the quartz structure at about 45 000 atm 
at 500°C. The question to be answered is, at approxi
mately what pressure does BAs04 show transition be
tween the same two structures or, at least, is the re
quired pressure higher or lower than for BP04? One 
difficul ty in obtaining such data is clear; there are only 
a few ions with widely spaced radii and at most two or 
three analogous transitions may be found. The only 
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FIG. 1. Univariallt 
pressure-temperatu re 
curve for the transition 
zircon-type p scheelite
type structure in DyVO,. 

* Conlribution No. 62-2, College of Mineral Industries, The 
Pennsylvania State University, University Park, Pennsylvania. 

1 F. Dachille and R. Roy, Z. Krist. 111, 451 (1950). 

solution to the latter problem is to work with the 41 
series of rare earths. It is than necessary to find a family 
of compounds showing reconstructive "quenchable" 
transformation. The authors found 2 that the majority 
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of the rare-earth vanadares and arsenates undergo the I 
transformation zircon (Zr Si04) ~ scheelite (CavV04)- [ 

type structure at high pressure, and these compounds ; 
were used in the present study. 

II. EXPERIMENTAL PROCEDURE I 
The rare-earth orthovanadates were synthesized by 

solid-state reaction from mixtures of 99.9% purity f 
rare-earth oxides V 205, by heating at 950Co for a period I 
of 8 h. The rare-earth arsenates were prepared by I 
precipitation from boiling water solutions of rare-earth 
nitrates and ·Na2HAs04. Well-crystallized arsenate" I 
were obtained after heating precipitates at 650°-700°C 
for a period of 7 days. 

The high-pressure experiments were performed with 
externally healed uniaxial devices, using pistons. of I 

2 V. Stubican and R. Roy, Proc. X]1lllllt flit. COllgr . Pure alld I 
A ppl . Cllem., Montreal, Callada, 1961, p. 72 (abstracl); Z. Krist. 
(to be publisded). 
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cemented carbides and hardenable steel. The full de
scription of the high-pressure apparatus used in our 
study can be found elsewhere. l The samples \rere 
pclleted into nickel rings (0.010 in. thick), sandwiched 
belween two Pt- Rh sheets, and · placed between two 
pistons on which high pressure was applied. After 
2.J.-.48 h the specimens were quenched to the room tem
perature with a stream of cold air and the pressure was 

I released. Temperature and pressure were automatically 
controlled. The structure of the specimen was deter
mined by the x-ray diffraction method. A word needs 

Ito be said regarding the accuracy and precision of the 
data. The temperature was accurate to ±5°C, and the 
pressure to ±S% from 25 000-50000 atm and ± 7% 
from 10 000-25 000 atm. The univariant pressure-tem-
perature curves were generated from about 15-20 points. 

III. RESULTS AND DISCUSSION 

In Fig. 1 the univariant pressure-temperature line for 
the transition zircon +2 s~heelite-type structure for 

FIG. 3. Univariant pres· 
sure-temperature curves for 
the transition zircon-type 
;:! scheelite-type structure 
in the rare-earth vanadates 
and arsenates. Rare-earth 
atoms with even atomic 
nu mbers. 
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DyV0 4 is shown. Black circles indicate the specimens 
with zircon-type structure, open circles the specimens 
with scheel ite-type' structure, and black and white 
circles the specimens containing mixtures of both forms. 
Figure 1 shows that the univariant p-t line could be 
easily drawn in this case, because no reverse change 
occurs during quenching. In Figs. 2 and 3 are given the 
univariant p-t curves for four familes of the rare-earth 
I"anada tes and arsenates. The strong influence of the 

I 
'pccific rare-earth ions on the position of the equilibrium 
is clearly demonstrated. Furthermore, comparison of the 
univariant p-t curves for the rare-earth vanadates with 

I 
p-I curves for the rare-earth arsenates, make it evident 
that the influence of the second ions in the structure 
(V5+, As5+) is very pronounced. 

From Figs. 2 and 3 a set of data can be extracted 

FIG. 4. Relationship 
between the equilibrium 
transition pressures at 
·BO°C and the ionic 
radii of the rare-earth 
ions. Transformation 
zircon-type <=± scheclite 
(high pressure form) 
structure in the rare
earth vanadates. 
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showing the relationship between the ionic radii of the 
rare-earth· ions and the equilibrium tran ·formation 
pressure, e.g., at 430°C as is shown in Figs. 4 and 5. The 
same type of curves could be obtained at any other 
temperature between 380°-600°C due to the fact that 
the p-t lines are almost parallel. 

Both curves (Figs. 4 and 5) show a minimuin near 
Dy3+ or Ho3+. ·Furthermore, two neighboring rare-earth 
ions, with odd and even atomic numbers, respectively, 
show approximately the same transformation pressure 
in spite of the difference in t~e size of ions. 

The results show that the ionic stze is not the only 
factor which determines the ·minimum transition pres
sure, at least not when the rare-earth ions are involved . 

The only other similar data in the literature, although 
ob tained by different means (volume decrement meas
urement) , are those on the alkali halides obtained by 
Bridgman.3 · Assuming that .all the changes reported 
correspond to the NaCI ~ CsCI-type structure transi
tion, because experimental high-pressure x-ray data are 
available for only a few, we can compare the transition 
pressures at about 3000 K for several alkali halides 
(Table I). Although few data are available, they follow 
the trend of higher pressure with smaller cation or 
anion. The difference between this case and that of the 

FIG . 5. Relationship 
between the equilibrium 
transition pressures at 
430°C and the ionic 
radii of the rare-ea:rth 
ions. Transformation 
zircon-type p. scheelite
type structure in the 
rare-earth arsenates. 
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3 P. W. Bridgman, Proc. Am. Acad. Arts. Sci. 76, 

0.85 

(1945). 
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TJIJ:LE 1. Transition pressures for alkali halides. 
(data extracted from the work of Bridgman.)" 

KCI 
RhCI 

Pressure 
kg/cm" 

20060 
5000 

• See Ref. 3. 

KBr 
RbBr 

Pressure 
kg/cm" 

18400 
4600 

KI 
RbI 

Pressure 
kg/cm" 

18200 
4050 

rare-earth vanadates or arsenates is of course great. The 
zircon-to-scheelite structure transition involves no 
major coordination change, but the density increase 
(approximately 11%) results from a much more efficient 
packing ' and the elimination of a structural hole in a 
zircon-type structure. 

Furthermore, the influence of the magnetic spin 
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coupling at high pressure with rare-earth ions is possihle. 
This may account for the even- odd similarity. IL is 
known that the 41 electrons of rare-earth ions are re
sponsible for the paramagnetism. The curve showing the 
relationship between effective numbers of Bohr mag
neton and atomic numbers of the rare earths4 has a 
pronounced maximum at Dy;l+ and Ho:J+ where the 
present curves (Figs. 4, 5) show a minimum . 
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The high-frequency spectral noise voltage appearing across a metallic conductor electrically heated to 
high tcmperatures is ex-perimentally found to be in agreement with the Nyquist theorem even though the 
c.ondu.c:or .is far from thermodynamic equ.ili?rium. Furthermore, because of the thermal origin of the non
lllleantlcs III the current-voltage- charactenstIc the proper value of resistance to use in the Xyquist expression 
correspo~ds to the voltage/curren~ ratio, rather than the difierential resistance at the operating point. At 
frequencies below that correspondlllg to the thermal time constant of the conductor, an additional noise 
voltage caused by temperature fluctuations is detected. The observed magnitude and spectrum of this 
noise voltage is in very good agreement with a simple calculation of temperature fluctuations due to heat 

I 
at frequen 
to the the 
~[os t 0 I circuit sho conduction. . 

til tel' red u 

1. INTRODUCTION 

I T is we~ established tha.t the random electrical 
fluctuatIOns at the termmals of a conductor of 

resistance R are given in terms of spectral noise voltage 
by the Nyquist theoreml : 

(1) 

where k is Boltzman's constant and T is the absolute 
temperature. The Nyquist expression is valid only if the 
concluctor is in thermodynamic equilibrium with its 
surrounclings. Since a comparable expression has not 
been developed for the nonequilibrium case, Eq. (1) is 
commonly u ed to define a noise temperature in such 
experimental studies as hot electrons in semiconductors2 
or electrons in gaseous plasmas,a with the expect~tion 
that the noise temperature may be a good measure of 
the true temperature of the electron gas. 

* Work supported by the U. S. Office of Naval Research. 
1 H. Nyquist, Phys. Rev. 32, 110 (1928). . 
"E. Erlbach and J. B. Gunn, Phys. Rev. Letters 8, 280 (1962) . 
3 G. Bckefi, J. L. Hirschfield, and S. C. Brown, T'hys. Rev. 116 

1051 (1959). ' 

resistor de 
A preliminary experimental confirmation of tli( bulb impe 

validity of the Nyquist expression in a simple non as a funct 
eq~ili?rium situation has been obt~ined in a study of tIli/ merCia.l ac 
nOIse III metal bolometers4 at relatIvely small departure· where a si 
from equilibrium. The present measurements extenl voltages a 
these results to considerably higher temperatures when- exa mined 
the conductor is far from equilibrium and is losing hen' voltmeter 
by radiation. The spectral noise voltage appearin! \fyqui:;t no 
across a metallic conductor heated to high temperature The impi 
by dc flow is investigated. This experiment was cho e Ihe miniatt 
because it is relatively easy to attain high samp! applied vol 
temperatures which can be determined independentl 
by straightforward optical pyrometer technique 
Furthermore, the inBuence of other possible noi.

1 

sources, such as current noise, is reduced by studyir! 
metallic conductors. A particular item of interest is tf 
proper value of resistance to be used in the Nyqu) 
expression when ~he. speci~1en has a nonlinear curren', 
voltage charactenstlc. It IS not clear a priori whelh, 
the apparent resistance, e.g., the voltage/ current rat; 
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. 4 K. Scheiclbauer, Z. Angew. Phys. 13,380 (1961). " ' Kay I'inlit 
J Illcbrook, Ne\ 


